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In this paper we study the ultraviolet and infrared behaviour of the self energy of a point-like
charge in the vector and scalar Lee-Wick electrodynamics in a d + 1 dimensional space time. It
is shown that in the vector case, the self energy is strictly ultraviolet finite up to d = 3 spatial
dimensions, finite in the renormalized sense for any d odd, infrared divergent for d = 2 and ultraviolet
divergent for d > 2 even. On the other hand, in the scalar case, the self energy is striclty finite for
d ≤ 3, and finite, in the renormalized sense, for any d odd.
One of the most remarkable features of the so called
Lee-Wick electrodynamics is the fact that this theory
leads to a finite self energy for a point-like charge in 3+1
dimensions [1–5], what has important implications in the
quantum context, mainly in what concerns the renor-
malizability of the theory [6, 7]. Theories of superior
derivatives for the scalar field has been also considered
in the literature, maily after the propose of the so called
Lee-Wick Standard Model (LWSM) [8–20].
Among other subjects concerning the Lee-Wick elec-
trodynamics, in the work of reference [21] the self en-
ergy of a point-like charge in an arbitrary number of
spatial dimensions was discussed. The presented results
were speculative, not conclusive and indicated that the
point-like particle self-energy is divergent for space di-
mensions higher than 3. That is an important subject in
the context of theories with higher dimensions, in what
concerns models with superior derivatives, because some
well known results of Lee-Wick theories, which are valid
in 3 + 1 dimensions, are no longer applicable when the
space has not 3 dime dimensions.
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In this paper we show that, by using dimensional regu-
larization, the self-energy of a point-like particle is finite
when the space has an odd dimension and diverges when
the space has even dimension. We also consider the self
energy of a point-like source for the Klein-Gordon-Lee-
Wick field, where there is two mass parameters involved.
Let-us start with the Lee-Wick electrodynamics. It is
described by the lagrangian density[4, 5]
LA = −
1
4
FµνF
µν−
1
4m2
Fµν∂α∂
αFµν−
(∂µA
µ)2
2ξ
−JµA
µ ,
(1)
where Jµ is the vector external source,
Fµν = ∂µAν − ∂νAµ (2)
is the field strength, Aµ is the vector potential and m
is a parameter with mass dimension. The third term
on the right hand side of (1) was introduced in order to
fix the gauge and ξ is a gauge fixing parameter. The
corresponding propagator is [21]
Dµν(x, y) =
∫
dd+1p
(2π)d+1
(
1
p2 −m2
−
1
p2
){
ηµν −
pµpν
p2[
1 + ξ
(
p2
m2
− 1
)]}
e−ip(x−y). (3)
The energy of the system due to the presence of the
2source is given by [21–23]
EA = lim
T→∞
1
2T
∫
dd+1x dd+1y Jµ(x)Dµν (x, y)J
ν(y) .
(4)
Now we take the source of a point-like stationary
charge λ placed at position a in a d+ 1 space-time
Jµ = ληµ0δ
d(x− a) , (5)
where δ is the Dirac delta function in d dimensions.
Replacing above expression in Eq. (4) and performing
the integrals in x0, p0 and y0, we have
EA =
1
2
λ2
∫
ddp
(2π)d
[
1
p2
−
1
p2 +m2
]
=
1
2
λ2m2
∫
ddp
(2π)d
1
p2(p2 −m2)
. (6)
Integrating in d−dimensional spherical coordinates, we
can write,
EA =
λ2m2
(4π)d/2Γ(d/2)
lim
Λ→∞
∫ Λ
0
dp
pd−3
p2 +m2
. (7)
where we used the fact that the integral in the angu-
lar variables gives 2πd/2/Γ(d/2), with Γ standing for the
Euler Gamma function.
Before we calculate the self energy (6), let-us first make
a power counting analysis in order to investigate the ul-
traviolet behavior of expression (7). In this case one can
discard the term proportional to m2 in the denominator
of the integrand in Eq. (7) and integrate from a given
finite value P . Then, we get for d 6= 4,
EA ∼
λ2m2
(4π)d/2Γ(d/2)
Λd−4 − P d−4
d− 4
∣∣∣∣∣
Λ→∞
∼
λ2m2
(4π)d/2Γ(d/2)
Λd−4
d− 4
∣∣∣∣∣
Λ→∞
, d 6= 4 (8)
For d = 4 we integrate Eq. (7),
EA =
λ2m2
2(4π)d/2Γ(d/2)
ln
(
Λ2
m2
+ 1
)∣∣∣∣∣
Λ→∞
∼
λ2m2
2(4π)d/2Γ(d/2)
ln
(
Λ2
m2
)∣∣∣∣∣
Λ→∞
, d = 4. (9)
From Eqs. (8) and (9) we conclude that the self energy
is ultraviolet finite for d ≤ 3 and divergent for d > 3.
Also, from Eq. (7) one can see directly that we have an
infrared divergence for d = 2.
We shall use dimensional regularization in order to reg-
ularize the integral in Eq. (6). Rewriting it as
EA =
1
2
λ2m2µd−2ω
∫
d2ωp
(2π)2ω
1
p2(p2 −m2)
∣∣∣∣
2ω→d
,
(10)
where µ is a parameter with mass dimension, integrating
in spherical coordinates and using the formula [24]
∫ ∞
0
dr
rβ
(r2 + C2)α
=
Γ
(
1+β
2
)
Γ
(
α− (1+β)2
)
2(C2)α−(1+β)/2Γ(α)
, (11)
we obtain for the self-energy of a point charge,
EA = −
λ2m2ω−2µd−2ω
22ω+1πω
Γ(ω − 1)Γ(2− ω)
Γ(ω)
∣∣∣∣
2ω→d
. (12)
Above expression can be simplifyed by using the
Gamma function property Γ(z + 1) = zΓ(z),
EA = −
λ2m2ω−2µd−2ω
22ω+1πω
Γ(1 − ω)
∣∣∣∣
2ω→d
. (13)
From this expression one can see that the point-charge
self-energy (13) diverges for any d even, d = 2ω =
2, 4, 6, ... and is finite for any value of d odd, with the
result
EA = −
λ2md−2
2d+1πd/2
Γ(1 −
d
2
) , d = odd. (14)
For instance, we have the following values for d = 1, 3, 5
and d = 7,
EA(d = 1) = −
λ2
4m
, EA(d = 3) =
λ2m
8π
EA(d = 5) = −
λ2m3
48π2
, EA(d = 7) =
λ2m5
480π3
. (15)
In order to split the divergences in the self-energy (13)
for even spatial dimensions, we make the substitution
2ω = d− ǫ, where ǫ→ 0, what leads to
EA = lim
ǫ→0
−
λ2md−2
2d+1−ǫπ(d−ǫ)/2
( µ
m
)ǫ
Γ(1−
d+ ǫ
2
) . (16)
3Using the expansions(
µ
m
)ǫ
∼= 1 + ǫ ln(µ/m) + ǫ2[ln(µ/m)]2 +O(ǫ2) (17)
and [25]
Γ(−n+ δ) ∼=
(−1)n
n!
[
1
δ
+Ψ(n+ 1) +
1
2
δ
(
π2
3
+ Ψ2(n+ 1)
−Ψ′(n+ 1)
)]
+O(δ2) , n = 0, 1, 2, ... (18)
where Ψ(s) = dds ln
(
Γ(s)
)
, Ψ′(s) = ddsΨ(s) and Ψ(n +
1) = 1 + 12 + ... +
1
n − γ, with γ standing for the Euler-
Mascheroni constant, we rewrite Eq. (16), only for even
values of d, in the form
EA =
(−1)d/2λ2md−2
2d+1πd/2Γ(d/2)
lim
ǫ→0
(
2
ǫ
+Ψ(d/2)
+2 ln(µ/m)
)
, d = even, (19)
which is explictly divergent.
Next we consider the Lee-Wick model for the scalar
field φ, whose lagrangian density is [21]
L =
1
2
∂µφ∂
µφ+
1
2
∂µφ
∂γ∂
γ
m2
∂µφ−
1
2
M2φ2 + Jφ , (20)
with the corresponding propagator
D(x, y) =
∫
dd+1p
(2π)d+1
m2
p4 −m2p2 +M2m2
exp[−ip(x−y)] .
(21)
From (21) one can show that this model exhibits two
massive poles for momentum square [21], namely
m2± =
m2
2
(
1±
√
1−
4M2
m2
)
. (22)
In order to avoid tachyonic modes, one must take the
restriction
0 ≤
4M2
m2
≤ 1 . (23)
If M2 = 0, we have a theory similar to the one studied
in the previous case, for the vector field, with one massive
mode, with massm, and a massless one. This case is very
similar to the one studied previously and has no novel
physical properties.
If 0 < 4M2/m2 < 1 we have two field modes with dif-
ferent non vanishing masses, m+ and m−, both of them
lower than m and M . In this case the propagator can be
rewritten in the form
D(x, y) =
∫
dd+1p
(2π)d+1
(
1
p2 −m2+
−
1
p2 −m2−
)
×
1√
1− 4M
2
m2
exp[−ip(x− y)] . (24)
Once m > 2M , the self-energy of a point-charge, J =
λδd(x− a), is given by
Eφ =
1
2
λ2√
1− 4M
2
m2
∫
ddp
(2π)d
[
1
p2 +m2+
−
1
p2 +m2−
]
=
λ2m2
2
∫
ddp
(2π)d
1
(p2 +m2+)(p
2 +m2−)
. (25)
From above expression we conclude, by a power count-
ing analysis, that the self-energy is finite for d ≤ 3 and
ultraviolet divergent for d > 3. Following a similar pro-
cedure we have done for the vector case, it is not dificult
to show that the regularized self-energy is given by
Eφ =
λ2
22ω+1πω
(µd−2ω+ m
2ω−2
+ − µ
d−2ω
− m
2ω−2
− )√
1− 4M
2
m2
× Γ(1− ω)|2ω→d , m > 2M, (26)
where µ+ and µ− are two arbitrary parameters with mass
dimension, introduced for each one of the integrals in the
first line of Eq. (25). It is not difficult to see that the
above expression is finite for d odd. In this case the self-
energy reads
Eφ =
λ2
2d+1πd/2
(md−2+ −m
d−2
− )√
1− 4M
2
m2
Γ(1− d/2) ,
d = odd, m > 2M. (27)
4On the other hand, when d = 2, the integral (25) is finite
and can be solved easily,
Eφ =
λ2
4π
√
1− M
2
m2
ln
m−
m+
, d = 2, m > 2M. (28)
When d > 3 and even, the divergence in the selfenergy
can be splitted by setting 2ω = d− ǫ in (26) and taking
the limit ǫ → 0. Using the expansions (17) and (18) in
(26) we have
Eφ = lim
ǫ→0
(−1)d/2λ2
2d+1πd/2Γ(d/2)
1√
1− 4M
2
m2
[
2
ǫ
(md−2+ −m
d−2
− )
+md−2+ ln
µ+
m+
−md−2− ln
µ−
m+
+md−2+ Ψ(d/2)
−md−2− Ψ(d/2)
]
, d > 2, d = even,m > 2M, (29)
which is divergent once m > 2M , what implies m+ >
m−.
Finally we consider the case m = 2M . Then, the prop-
agator (21) reduces to the form
D(x, y) =
∫
dd+1p
(2π)d+1
m2
(p2 −m2/2)2
exp[−ip(x−y)] (30)
and the self energy of a point charge is given by
Eφ = −
λ2
2
∫
ddp
(2π)d
m2
(p2 +m2/2)2
, m = 2M. (31)
Again, this integral is finite for d = 1, 2, 3 and divergent
for d > 3. Regularizing above integral with similar meth-
ods previously employed, we find a finite result for any d
odd,
Eφ = −
λ2md−2
23d/2−1πd/2
Γ(2−d/2), d = odd,m = 2M. (32)
For even values of d, the divergent part of (31), can be
splitted by dimensional regularization as in the previous
cases. It is obtained
Eφ = lim
ǫ→0
−
λ2md−2
23d/2−1πd/2
[
2
ǫ
+ 2 ln
µ
m
+ Ψ(d/2− 1)
]
,
d > 3, d = even, m = 2M. (33)
As in previous cases, it is explicitly divergent.
At this point we would like to remark that our results
could be extendd to the case of charges distributions
along branes with an arbitrary number of dimensions
[21]. For instance, in 3 spatial dimensions, a charged
plate exhibits a finite self energy, while a uniform charge
distribution along a straigth line has a divergent self en-
ergy.
In summary, in the present work we showed that in the
Lee-Wick electrodynamics the self energy of a point-like
charge is strictly ultraviolet finite for d = 1 and 3 spatial
dimensions. Also, for d > 3 and odd, it has been showed
the finiteness of the self energy in the renormalized sense.
For d > 3 but even, the self-energy can not be renormal-
ized, because we have no way to redefine parameters in
order to render expression (19) finite. When d = 2 the
self energy is infrared divergent and can not be renor-
malized too. For the Klein-Gordon-Lee-Wick theory, we
have a similar situation, with the distinction that when
d = 2 the self energy is finite. From the regularized self-
energy for any d > 3 and even, Eq. (29) for m > 2M
and (33) for m = 2M , we see that there is no way to
render such quantities finite by redefining charge or mass
parameters.
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